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Thermophoresis in Dense Gases" 
a Study by Born-Green-Yvon Equation 

Minsub Han* 
Micr~ Thermal System Research Center, Seoul National University, 

San 56-1, Shinlim-dong, Kwanak-gu, Seoul 151-742, Korea 

Thermophoresis in dense gases is studied by using a multi-scale approach and Born-Yvon-  

Green (BYG) equation. The problem of a particle movement in an ambient dense gas under 

temperature gradient is divided into inter and outer ones. The pressure gradient in the inner 

region is obtained from the solutions of BYG equation. The velocity profile is derived from the 

conservation equations and calculated using the pressure gradient, which provides the particle 

velocity in the outer problem. It is shown that the temperature gradient applied to the quiescent 

ambient gas induces some pressure gradient and thus flow tangential to the particle surface in 

the interfacial region. The mechanism that induces the flow may be the dominant  source of the 

therrnophretic particle movement in dense gases. It is also shown that the particle velocity has 

a nonlinear  relationship with the applied temperature gradient and decreases with increasing 

temperature. 
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N o m e n c l a t u r e  
A : Force constant of graphite basal plane 

Ac  : Effective cross-sectional area of collision 

a : Radius of particle 

a~ Area of unit lattice cell of graphite basal 

plane 

d Equivalent hard sphere diameter 

g ( ~ l ,  ~2) ; Pair correlation function 
g-US(r, p) : Correlation function of  homogeneous 

fluid of hard sphere 

Kn : Knudsen number 

k : Thermal conductivity 

kB : Bohzmann Constant 

L : Distance over which unit temperature dif- 

ference is applied 

l : Mean free path 

P i Pressure tensor 
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q The total number of atoms per unit surface 

cell of  graphite basal plane 

R : Gas constant 

7,. : Effective range of intermolecular force 

during collision 

rxz : Distance between Pt and P2 

T : Temperature 

UtA : Thermophoretic velocity of particle 

u : Velocity component in x direction 

V : Spherical volume of diameter d centered at 

X ,  Z :  Macro-scale coordinates 

x, z : Molecular-scale coordinates 

Az  : Distance between discrete planes of 

graphite basal plane 

Greek symbols 
: Interaction energy 

/1 i Viscosity 

p : Density 

a : Molecular diameter 

ass : The nearest neighbor distance of graphite 
~b ~ lntermolecular potential 
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Subscripts 
e ' Equilibrium state 

f f  " Between fluid molecules 

g " Gas 

gs " Between gas and solid 

o " Particle position 

iO ' Particle 

s " Solid 

T " Tangential direction 

* ' Sealed with 4 3 crss 

Superscripts 
HS " Hard sphere 

0 ' The first order 

1. In t r oduc t io n  

Thermophoresis is the phenomenon that small 

particles in an ambient fluid under temperature 

gradient move toward one end. A typical example 

is the collection of small particles near thermal 

boundary layer. It occurs irrespective of convec- 

tion or gravity and is found commonly in colloi- 

dal systems. The phenomenon has importance in 

a wide range of applications in the fields like, for 

example, the cleaning process, combustion, and 

chemical vapor deposition. 

Maxwell (1879) first suggested the origin of the 

phenomenon postulating the molecular interac- 

tion between the particle and fluid molecules. A 

particle may be under constant and random bom- 

bardments of the surrounding fluid molecules. 

Since the fluid molecules in hotter region would 

give larger impacts than those in colder, the net 

momentum transferred to the particle may be 

directed towards the colder region. A quantitative 

model on the phenomenon may be developed 

with the help of the kinetic theory of gases. 

Epstein (1929) derived the thermophoretic veloc- 

ity for the gases of a small Knudsen number. 

3 k /~ V T  (1) 
~ =  2 2k+kp  o T  

Since then, there have been extensive studies, 

both theoretical and experimental, on the subject 

(Sone, 2000; Zheng, 2002). They include the re- 

suits in the wide range of Knudsen number, the 

rigorous models based on Boltzmann equation, 

and the particle movement near another solid 

surface. 

While the theories and experimental results are 

well established, they are mostly on the rarefied 

gases. For example, the molecular picture given 

above is applicable strictly to ideal or rarefied 

gases. Some are concerned about the ease of 

Knudsen number down to 0.01 but there have 

been few studies on a denser phase. Moreover, the 

previous theoretical studies based on the kinetic 

theory of dilute gases may be less useful to the 

dense phase. The theory predicts that the thermo- 

phoretic velocity vanishes in the limit of zero 

mean-free-path, which may be the case for the 

dense gases or liquids. For example, Eq. (1) is 

proportional to Knudsen number because the 

properties, thermal conductivities and viscosity, 

are proportional to the mean-free-path according 

to the kinetic theory of dilute gases. 

k 1 
~-, - - ~  ( 2 R T ) ~ I  (2) 
/9 p 

However, there does exist a finite amount of 

thermophoretic velocity in liquids (McNab and 

Meisen, 1973). 

The problem may originate from the molecular 

model on the interaction between the particle and 

fluid. As a fluid phase gets denser, the configura- 

tional interaction through intermolecular poten- 

tial among a collection of molecules becomes 

more and more important, which is missing in the 

kinetic theory of dilute gases. A gas molecule may 

always be under the influence of the potentials of 

other molecules or solid, and it may have less 

freedom to move around. A couple of gas layers 

may be formed permanently on the solid surface, 

and more layers of the diffuse character may exist 

on top of them. While the temperature gradient 

applied to the ambient fluid may not result in any 

pressure gradient in the case of negligible effect of 

convection or gravity, some pressure gradient may 

be developed in the interfacial region due to the 

influence of the solid and induce flows. There- 
fore, it is the interracial region that may play a 

dominant role in the whole dynamics of the par- 

ticle and gas system and is particular concern of 

the problem of thermophoresis in dense gases. 
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Therefore, the phenomenon may be predicted 

more accurately by accounting for the contributi- 

on from the intermolecular interaction through 
the potential in addit ion to the kinetic one. A 

couple of approaches may be relevant for the 
task. One may be the use of kinetic theory of 

dense fluids. Another may be the use of Molecu- 

lar Dynamics Simulation (Han, 2005 ; Cho et al, 

2002 ; Lee et al., 2002). A simpler approach may 

be available for dense gases if the non-equil ibr i-  

um state of thermophoresis is close to equilibri- 

um. The first equation of  Born-Green-Yvon hi- 

erarchy may provide the accurate data on the 

fluid states in equilibrium if an adequate model 

of the pair correlation function is used. It was 

successfully applied to the coexisting states of  the 

liquid with vapor or solid phase (Fischer and 

Methfessel, 1980). 

In this study, a theory is developed that divides 

the problem of thermophoresis in dense gases in a 

way consistent with its characteristic scales. The 

Born-Green-Yvon (BGY) equation is solved for 

the density distribution of each smaller problem. 

This leads to the calculation of the pressure and 

viscosity distributions, and finally thermophoretic 

velocity of the particle. In Sec. 2, the problem is 

defined and the theoretical framework is derived 

to evaluate the velocity prof i le  with the pressure 

data. Section 3 describes the computational meth- 

od. Section 4 presents the results on the graphite 

particle in argon gas. The final section contains 

the conclusion. 

2. Theory 

2.1 Problem definition 
It is considered that a rigid and non-conduc- 

ting spherical particle is in a dense ambient gas 

(Fig. 1). The spherical particle of a radius a is 

pushed toward one temperature end when the 

temperature gradient of ( d T . J d X )  is applied 

in the ambient gas. X ,  Z are the global coor- 

dinates in the outer region. Since the dynamics 

of the interfacial region is of a primary concern 

and the thickness of  the region is far smaller than 

the radius of the surface curvature, the problem 

may be simplified in the inner region. In the new 

d", 

r /  
Hot side ..~.~ / .~8  Cold side 

E 

i .¥ 

Fig. 1 

l ' i,, 'sinO 

Schematic of the problem 

coordinates, x and z, the solid surface is consi- 

dered as flat, and the lubrication approximation 

is used according to the smallness of the length 

scale in the normal direction relative to the tan- 

gential. 

The flow to be developed is regarded as a 

creeping flow such that the effects of the inertia 

and convective forces are negligible. Then, with 

Pc, Re- - .  O, the conservation equations are de- 
fined as follows. 

o =  OPt. &k, (3) 
Oz + P Oz 

O Pxx 02 u 
0 = - -  Ox +It ~ z  (4) 

r , ,  

with the boundary conditions of 

Pxx, P~=Pbu,k at z : o o  (6) 

u = 0  at z = o o  (7) 

( dr:'~ 
Tg = To + \  d x / r c ° s O  at r = o o  (8) 

Tg = Tp at r = a  (9) 

k 3Tg , 8Tp 
g ~ - = R p  Or at r = a  (10) 

The equation for conservation of mass vanishes 

due to the unidirectional flow structure. 

2.2 Temperature and velocity field 
Due to negligible influence of  the convective 

force, Equation (5) can be decoupled from Eqs. 

(3) and (4) and solved first. From the spherical 

harmonics that satisfy the boundary conditions, it 
follows that 
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T g : T o + ( d T ® ) r c o s 8  
d X  

(11) 
k~-kp { dT®~ a 2 

4 2kg+kp a k - ~ / ~ c o s  0 

3k, ( dT® 
Tp=To+2k,+kp \ ~ - / r c o s  0 (12) 

In the new coordinate for the interfacial region, z 

( =  r- -a;  z<<a), the temperature distribution in 

gas is turned into 

dT® cos O { 3k~ 
2kg+kp 

on condition that z<<a" kp/kg, which is normally 

satisfied. 

As is explicitly expressed as P =  and P ~  in 

Eqs. (3) and (4), the pressure is not of an isotro- 

pic property in the region. Therefore, some ad- 

ditional information for P is required for a well- 

posed problem. It is on the state of the dense gas. 

It may then be in a form similar to the ideal-gas 

law and must be applicable to the dense phase in 

the dynamics state. Due to the slowly-varying 

temperature distribution in the interfacial region, 

it may be appropriate to assume that the resulting 

dynamic state is still close to the equilibrium 

state. 

P=P~+O(VT,  Vu) (14) 

The velocity field can also be expanded accord- 

ingly. 

u = u ° + O ( V T ,  Vu) (15) 

Then, the static pressure P ,  may be the first or- 

der solution to P in Eqs. (3) and (4). With the 

pressure and viscosity given, the velocity profile 

can readily be obtained. It is to be described 

how the static pressure Re and viscosity is ob- 

tained in next subsection. The flow field has the 

following form 

U(Z) = f x * * d 2 f Z d , z l ~  (P.) (16) 

With 

aPx~ _ aP,,x d T 
~x aT P~=~o~t. dx (17) 

it follows that 

- /.t 

On the surface of the particle, the velocity has the 
value of 

d T  (19) us,~ = u ( z = 0 )  = - b 

with 

Since the ambient gas is stationary, the velocity 

on the particle surface is the velocity difference 

between the bulk gas and surface. Therefore, it 

can be regarded as a local slip velocity in the 

macro scale. Generally, the local slip velocity cor- 

responds to the thermophoretic velocity of the 
whole particle such that 

Uth=_b dT ,  3k~ (21) 
d.X 2k, + k, 

(Probstein, 1994). More discussion on the de- 

rivation can be found in (Han, 2005). 

2 . 3  P r e s s u r e  t e n s o r  a n d  v i s c o s i t y  

If the static pressures /De for a set of tempera- 

tures are given, they can be put into the follow- 

ings : 

3Px,,_ P,=e(T(x2), z)-P=,e(T(xl) ,  z) (22) 
aX X2--Xt 

The approximation is valid in the limit of slow- 

ing varying temperature field. This can be put 

into Eq. (16), which gives the velocity distributi- 

on. The static pressures can be calculated with 

the equilibrium density distribution, which can be 

obtained by solving BYG equation:  

-kBTV, In p(~,) 
(23) 

This equation is equivalent to Eq. (3) if the pres- 

sure P is replaced by the static pressure Pc. The 

pair correlation function g ( ~ ,  3~) can be model- 

ed according to Fischer and Methfessel (1980). 

g(3,, 3,)=e~{I r,~l, #[(3,+3,)/2]} (24) 
with 

1 
(31) = ~ ;  ¢ d3p (31 + ~) (25) t5 
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The pressure tensor is calculated by using Irving 

and Kirkwood formula (Irving and Kirkwood, 

195o). 

f £ "  fo P~=p(z~) k , T - ~  d z~ .  2xRdR l R' d~n":rt2) rn dr= " dap(zl-az=)p[z~+(I-a)z=] 

0. ¢a 1 1 

l k T ~  dznfo 2'rt'RdR~d(rn-d)fo dctP(Z'-eZxz)pCzx+(l-a)zn]g~s[ d' p(zx+~zn-a;,zn)] 2 r= 
(26) 

The viscosity is also required for the interfacial 

region. Due to inhomogeneity in the region, the 

viscosity may have the value different from that 

in the bulk. The following relationship is used 

that is based on the modified Enskog theory and 

applicable to the weakly inhomogeneous fluids 
(Schrodt and Davis, 1974). 

5 / mknT\½f [l+(41r/15)p02gns(0", O)] 2 

(27) 
48 /2,T ,~z ,~,  p)l 

J 

3 .  M e t h o d  

The material system of argon and graphite is 
considered in the simulation. The argon atoms 

interact with each other through the Lennard- 
Jones 12-6 potential. 

u(r)=4eF(~l 'z-(Al"~ (28) 
L \ r /  \ r l  j 

The well-known 10-4-3 potential of graphite 

basal plane is used as the solid potential #s 
(Steele, 1973). The solid surface is assumed to be 

molecularly smooth so that the roughness in a 

larger scale is not taken account into the model. 

; ,  2xQA* F 2A 6 1 
aT-: (z')' 

(29) J: . . . . . .  
3Az' (z' .u.~mz , 

The numerical values for the parameters specific 

to argon-graphite interaction can be found in 
the work by Steele (1973). It can be noted that all 

the molecular interaction in concern are of Van 

der Waals kind, which is universally present in 

any material system. Also it is straightforward 
to include any other interaction for any specific 
material system. 

BGY equation is solved through the iteration 

procedure (Fischer and Methfessel 1980) Eq. 
(23) is transformed into 

" 1 / e , . ~[z~) =p.¢xpl-k,~(\¢,+) dP,uqr£' [m~)m ~] 
m *d 

(30) 

with 

u t ( r ) = ( u ~ n  for r<rmm, 
u ( r )  for r>rm~. 

r~an is the distance when u becomes the mini- 
mum value u~an. The stcpwise density profile as 

an initial guess is inserted into the density in the 

right hand side of the equation, which is then 

calculated to give a new profile. Unless the new 

profile coincides with the old one within 0 .1~  

the iteration continues. The Simpson's rule is 

used in the numerical integration in the pro- 

cedure (Press et al., 1997). The bulk density must 

be given initially for a given pressure at each 

temperature. It is obtained from Eq. (30), with 

Cs=0, and by the Newton-Raphson procedure. 

4 .  R e s u l t s  a n d  D i s c u s s i o n s  

4.1 D e n s i t y  and  p r e s s u r e  d i s t r i but i on  

The conditions of the ambient gas are such that 

the temperature ranges from 1.01 to 1.31 (elks)  
and the bulk pressure remains 0.0140 (E/0 a) for 

the argon-graphite system. The values are chosen 

mainly because the fluid is in the gaseous state 

(Nicolas et al., I979). Figure 2 shows the density 

profile for each equilibrium state. From the bulk 
density, Knudsen number may be estimated by the 
following definition. 

Kn = 1 / ( f - 2pAca)  (31) 
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Fig. 3 Viscosity profile of the interfacial region 

35 

The following values may be applied : 0"=3.4 X 

10-gm, a = l . 0 X l 0 - 6 m ,  and p=l.1685XlO-Z0" -3 
for T = l . 3 ,  and p=1 .5564×  10-20 .-3 for T=I .01 .  

Ac is the effective cross-sectional area for colli- 

sion and may be regarded roughly as ~rr~ where 

ri  is the effective range of the intermolecular 

force. With ri~3.50.,  Kn is given as 0 .0066-  

0.0087. In Fig. 2, it is shown that there is an 

absorbed layer that is clearly distinguishable and 

diffuse layers next to it. Due to thermal energy, 

the layers become of more diffuse state with a 

higher temperature. For  the ideal gas, the density 

profile is given as 

p= po, exp [-- kn---~- ] (32) 

The bulk density of the ideal gas is linearly pro- 

port ional  to Z -z for a given state of constant 

pressure. The overall trends in the density of 

dense gases still conform to the ideal gas behavior 

but with some structures. For  the given density 

profile, the viscosity can be calculated from Eq. 

(27) (Fig. 3). It is shown that the viscosity starts 

diverging in the distance of 0.050. from the posi- 

tion of the density peak. This reflects much higher 

resistance to the shearing motion of the perma- 

nently absorbed layer. The mono- layer  may have 

the dynamic character different from the rest of 

the region because it is of a dense and highly 

inhomogeneous phase. It may also involve the 

chemical or physical roughness in the molecu- 

lar scale. Therefore, the approach based on Eqs. 

(3 ) - - (6 )  and (16) may not be valid. Due to the 
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Fig. 4 Tangential pressure gradient with respect to 
temperature 

high viscosity, the motion of  the mono-layer  is 

highly restricted and of relatively insignificant 

amount compared to the rest of  the region. There- 

fore, this study focuses on the dynamics of  only 

the region that excludes the mono-layer  region, 

which is about z>1.08.  

The pressure profile tangential to the solid sur- 

face is shown in Fig. 4. The bulk pressure in all 

cases corresponds to 0.0140 ( e / d  a) within +3.7% 

of  error. However, the situation is different near 

the solid. Within the distance of 3d from the 

solid, the pressure differences with respect to the 

temperatures are of  considerable amount. The 

differences are the largest value near the position 

of  the second diffuse layer and there also exists 

some oscillating behavior. The pressure profiles 

conform to the characteristics of the dense gas 
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20 
near the solid, which is reflected in  the density 

distribution. These pressure differences are the 

potential source of  the flow tangential to the sur- •~e 
face according to Eq. (18). This point may be ~ 0 
made clear by evaluating -,u-~(OP~/OT)(Fig. ~-- 

5). It is shown that significant amount of pres- 

sure gradient occurs due to the temperature gra- 
dient. The pressure gradient is distributed in the 

-20 
region near the solid surface in a highly struc- 

tured way, and it is mostly of a positive value. 

The latter fact corresponds to the particle move- 

ment toward the colder region according to Eq. Fig. 7 

(21). 

4.2 Thermophoretic velocity 
The thermophoretic velocity profile is obtained 

by evaluating Eq. (16) (Fig. 6). L is the distance 

over which unit temperature difference is applied. 

The flow is developed mainly within the region 

next to the solid whose thickness is of  about 8 

molecular diameters. The velocity profile is not of 

a simple quadratic form but of  a more complex 

one. From Eq. (21), the particle velocity can be 

derived from the local velocity on the solid sur- 

face, or local slip velocity. Figure 7 shows the 

behavior of  the thermophoretic velocity divided 

by the applied temperature gradient. While the 

data for -- d T ~  dx* L < 0.175 are rather scattered, 

the rest of the data clearly show that the particle 

velocity and applied temperature gradient are re- 

lated nonlinearly. The velocity increases in a fas- 

ter rate than the linear relationship as the applied 

m • T= I  06 
-O 1 09 

" • 1.12 
c ~, ~ - -  1.15 

<3 121 '"'/~ '~\ ~ -  • 1 2 5  
.A , O 1 2 6  

L t~ + ~  ~4r.":~ ,~ _ .: + ++'~ ' ! ' -  

' ,  . / .  I d  i • 

IV. IV 
II, 

I i I i 

2 4 6 8 

Z (cO 

Velocity profile in the interfacial region 
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Ratio of thermophoretic velocity to applied 
temperature gradient• Uth = Uth/{ 3kg/ (2kg + 
kp) } 

temperature gradient increases. This suggests that 
the linear relationship commonly applied in the 
theories of non-equilibrium thermodynamics in 

the form ofEq.  ( l )  may not be valid in the limit 
of dense phase of gases. This may partly come 
from the complex nature on how the pressure 
gradient and interfacial velocity are developed. 
The dependence of  the thermophoretic velocity 
on temperature is shown in Fig. 8. The velocity 
decays with respect to temperature in a rate that 

is faster than T-L The data in a higher range 
of temperatures in the figure are scattered so that 
it is not easy to conclude whether the velocity 
changes sign or decays to zero in the limit of 
the highest temperature. The overall decreasing 
trends may result from the fact that a higher tem- 
perature reduces the influence of the solid poten- 
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Thermophoretic velocity with respect to tem- 

perature (-- d T / dx x L =0.1). Ut.  = Ut./ { 3 
k~/ (2k~ + kp) } 

tial. The density and pressure gradients with re- 

spect to temperature may therefore be reduced. 

Finally, it may be pointed out that two mec- 

hanisms leading to Eqs. (1) and (21) respectively 

are independent of each other. Therefore, they 

both may be effective in some intermediate range 

of Kn and need to be accounted for. 

5. Conclusions 

Thermophoresis in dense gases is investigated 

by using multi-scale approach and the first equa- 

tion of BGY hierarchy. The conclusions of the 

study are in the followings; 

(1) In thermophoresis of dense gases, there 

exists a mechanism other than the usual kinetic 

interaction between the fluid molecule and parti- 

cle surface. The mechanism involves the inter- 

molecular interaction through potential and has 

dominant effect on the particle movement. The 

predicted particle velocity is several orders larger 

than the one by the kinetic theory of rarefied 

gases. 

(2) It is shown that the temperature gradient 

applied to the quiescent ambient gas induces some 

pressure gradient tangential to the particle surface 

in the interfacial region, which may be the major 

source of the particle movement in dense gases. 

(3) The particle velocity has a nonlinear rela- 

t ionship with the applied temperature gradient 

and decays in a faster rate than T-L  These de- 

viate from the usual model dependence of Uthcc 

V(ln  T ) ,  which may reflect the complex nature of 
the flow development in the interfacial region. 
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